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Learning Outcomes

A. The Term Structure of Interest Rates (Financial Market Rates and Flows, J.V. Horne, Ch. 6)

a) Discuss 1) the relationship between yield and maturity; 2) reasons for the normal slope of the yield curve (term structure);

b) Compute an implied forward rate for any future period based on actual rates of interest prevailing in the market at a specific time, and discuss the assumptions underlying this calculation;

c) Show technical limitations of both expressions of the pure expectations theory (1) that forward rates of interest embedded in the term structure are unbiased estimates of future spot rates, and (2) that the expected holding-period return at the time of initial investment will be the same for all possible maturity strategies;

d) Analyze the meaning of a horizontal, a positive, and a negatively sloped yield curve according to the pure expectations theory, and discuss the role of investors, market efficiency, and arbitrage;

e) Demonstrate an understanding of how both the term premium and the market segmentation theories of term structure modify the pure expectations theory;

f) Describe the basic characteristics of the Cox–Ingersoll–Ross single-factor term structure model and state how it differs from multi-factor and lattice-type models.

B. Price Volatility, Coupon Rate, and Maturity (Financial Market Rates and Flows, J.V. Horne, Ch. 7)

f) Use duration, modified duration, and convexity to compute changes in price accompanying a shift in yield and discuss the reasons for using these measures, in addition to yield to maturity, when taking bond investment decisions;

b) Discuss price sensitivity in terms of coupon payment, changes in interest rate level, and interest rate volatility;

c) Discuss how interest rate volatility would affect the return of a given bond over a specific time horizon;

d) Differentiate between bullet, barbell, and spread investment strategies in terms of duration and convexity, including recognition of various curve shapes and shifts;

e) Illustrate one type of bond portfolio immunization—i.e., one in which the portfolio duration equals its intended holding period;

f) Differentiate the spot-rate (zero) from the par (coupon) curve and explain the market “arbitrage efficiency” assumption behind coupon and zero-coupon bond prices.

LOS A.a) 

1) The relationship between yield and maturity—Is defined as term structure of interest rates (par or spot curve). Derived from sovereign securities (default free). Spot yields are observed yields at time zero for a single cashflow at different maturities. In normal economic environment spot yields are an increasing function of maturity.  During periods of economic slowdown spot curve may become inverted or downward sloping.

2) Reasons for the normal slope of the yield curve (term structure) – There are three popular theories (not mutually exclusive): Pure Expectations Hypothesis (PEH), Liquidity Preference Hypothesis (LPH) or Term Premium, and Market Segmentation (MS) or Preferred Habitat (PH).  These theories may not be mutually exclusive and may work together to explain term structure shape and its move. 

Pure Expectation Theory: Assumes: a) expected return for all default-free bonds (different maturities) are the same; b) Implied forward rates are unbiased expected future spot rates; c) government bond market is efficient and there is no arbitrage, i.e. investors without a cost can create long or short positions in future spot rates and hence balance that with their expectations; d) there is no risk premium demanded for riskier positions (longer maturity).    

LOS A.b) 

1) Compute Implied Forward Rates From Prevailing Market Spot Rates –

Yield To Maturity (YTM) of Optionless Coupon Bonds

· YTM is a single discount yield that equates present value of future known (certain) cash flows 

· YTM is a convenient summary statistics representing internal rate of return

· Single rate applied to discount multiple cash flows with different maturities 
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· Problematic – If the yield curve not flat (most of the time) different rates are applicable for different maturities.  Due to reinvestment risk the expected return can be substantially different than YTM even if held to maturity 

Spot Rate

· Discount rate (
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) of a single future cash flow with maturity n (a zero coupon bond)  - annualized interest rate between now and year n.

· A unique rate for each maturity n

· 
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                 example n=10, Sn=8%, Pn=100/(1+0.08)^10=46.31935

One-period (or multiple-period) Implied Forward Rates

· Forward rate 
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 = the implied or breakeven interest rate between two future dates m and n without regard convexity bias or term premium
· One-period forward rates (
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) represent a special case 

· Spot rate for maturity n can be represented as a geometric average of one-period spot rates
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      Interpretation: Compounded future value of a dollar invested in one-period rate and reinvested (n-1) times at the forward rates is equated to the future value of a dollar investment made in an n-year zero bond held to maturity.

· In general forward rates 
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 can be viewed as break-even rates between m-th and n-th period:
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· One-period forward measures marginal  reward for lengthening maturity by one period

· Spot rates can be interpreted as geometric average of expected forward rates.

· In an upward (downward) sloping term structure, one-period implied forward rate for cashflow maturing at time t will exceed (be less than) the spot rate with maturity t. 

Example:

Given S1=6% and S2=8.08161% calculate 1-year forward rate a year from now (f1,2).

F0,1=S1=6%; (1+S2)^2=(1+0.06)*(1+ f1,2) ( f1,2={(1+0.0808161)^2/(1+0.06)}-1=10.2041%

For more examples see the reading. 

1) Underlying Assumptions – 1) Relies on a version of pure expectations theory that says the unbiased expected future one-period rates are the same as the calculated implied forward rates.   It allows for no risk premium for investing in longer maturity bonds.  2) Default free securities of different maturities are expected to return the same over a specific (short) holding period.  The later implies investors expect that a buy-and-hold strategy for any given maturity would return the same as rolling a short-term security to the same maturity – i.e. spot rates are geometric weighted average of current short rate and future expected short rate.

LOS A.c) Technical Limitations

1) Implied Forward Rates as an Unbiased Estimator of Expected Future Spot Rates – This will not hold true if spot rate time series exhibits autocorrelation or wide distribution (fat tail)
2) Same Expected Holding-Period Returns for All Maturity Strategies – This is only true for a specific holding period and not all. 

The two form of the expectations theory are not consistent.

LOS A.d) 

1) The meaning of a horizontal, a positive, and a negatively sloped yield curve according to the pure expectations theory—
· Market expectations of the future level of the rates influence the steepness of the curve today.

· Market expectations of the future steepness of the rates influence the curvature of the curve today.

· Horizontal term structure implies that market expects steady (level) future short spot rates 

· Positively (negatively) sloped implies that market expects steady rise (fall) in short spot rates 

· When the term structure is upward sloping (downward sloping) the positive (negative) initial yield spreads are to offset expected capital losses (gains) to equate near-term expected return. 

2) The role of investors, market efficiency, and arbitrage – Pure expectation theory assumes that default-free bond markets are efficient and arbitrage free, i.e. the expected return for all self-financed positions (i.e. short selling one security in order to pay for purchase of another) should be zero.  Overtime because of trading activities of market participants at variance with the implied forward rates they would become consistent with market expectations as a whole. 

LOS A.e) How both the term premium (liquidity) and the market segmentation theories modify the pure expectations theory – 
1) Liquidity Preference Hypothesis (LPH): Pure expectations theory ignores the premium demanded by security markets for risk and uncertainty.  Under LPH:

· The longer the maturity the greater the required liquidity premium. 

· The expected return is an increasing function of maturity. 

· The implied forward rates represent the expected future spot rates plus a premium.  

· The yield curve can be positively sloping even if expectations for the short spot rates to be the same for all periods in the future.  

· The size of the liquidity premium would depend on the level of economic uncertainty (volatility).  

2) Market Segmentation (MS): According to MS demand and supply for default free-bond of different maturities may have an influence in the shape of the yield curve.  Different investor groups may be restricted or may have a preferred habitat in their maturity structure.  Thus, the debt management policies of Treasury, municipalities, and corporations would partially influence the shape of the term structure. 

LOS A.f) Other Models of Term Structure of Interest Rates 

1) Cox–Ingersoll–Ross (CIR) single-factor term structure model – 

· CIR model falls in a class of models based on a general equilibrium of a competitive economy. 

· It folds risk aversion, wealth constraints, time preferences, and risk premium in to a single model. 

· CIR model can encompass some forms of expectations theory and liquidity premium. 

· It is based on individuals (representative agent) maximizing their utility function (preference for consumption vs. investment) from consuming a single good whose production depends on a finite number of technology states. Individuals must choose their optimal level of consumption, proportion of wealth to invest in production process, and bonds.  CIR assumes the state of technology is captured by a single stochastic state variable.  Under this state of uncertainty, as individuals make their choices and maximize their utilities, the instantaneous short rate (overnight) and the expected rates of return on bonds adjust until all wealth is invested in the production process. 

· The equilibration process leads to a stochastic specification of instantaneous short rates from which prices and yields of contingent-claim bonds are determined. 

· Basic Characteristics of CIR Model:  

· Because of single factor, interest rates for different maturities are perfectly correlated (i.e. move together)

· Hence, the risk-to-return ratio is the same for all maturity bonds. 

· Bond prices are an increasing function of covariance of interest rates with wealth. 

· When wealth (productivity) is high (low) interest rates are also high (low) and hence bond prices are low (high).

· Bond prices are an increasing concave function of interest rate variance.  CIR argue the higher variance indicates higher uncertainty about future real economic productivity, and hence higher risk aversion.

· Model specification leads to a mean reverting drift term – i.e. in the long-term interest rate tend to converge to a constant or “normal” (mean) rate.  The mean-reversion parameter specifies how quickly the long-term rates revert to its normal (mean) rate. 

· In CIR model term premium is indigenously determined and is an increasing function of maturity. 

2) Multi-factor models – They attempt to identify the factors that best explain variations of interest rates for all maturities. The rates along the term structure are related to two or more exogenous factors such as short rate and long rate or short rate and its variance. Various stochastic models are used to specify the evolution of exogenous factors.  Bond and option prices are calculated as a function of the exogenous variables.  The difficult task is to correctly estimate the parameters of these models.    

3) Lattice-type models – Branching process (binomial or trinomial) has been used to solve one-factor or multi-factor models.  In these models trees are used to specify possible moves of bond prices or yields from on period to the next.  Lattice models could allow mean reversion, term structure of volatility, or even stochastic volatilities.  They are popular within the investment community for pricing interest rate dependent products.
Summary Points

1) The relationship between spot yields and maturity is driven by: expectations, risk aversion (preference for liquidity) and supply and demand factors for specific maturities.

2) The term structure is usually upward sloping because investors demand a premium which increases with risk (maturity)

3) When expectations for decrease in future spot rates are larger than the risk premiums, the yield curve is downward sloping.  Such extreme expectations occur during periods of unusual economic uncertainty. 

4) CRI, multiple factor and lattice models are based on sophisticated stochastic formulations trying to simulate future evolution of interest rate term structure and prices of interest-contingent claims.  

Recent Exam Questions: 1996 Q19 for 15minutes (based on a different reading but similar)

B. Price Volatility, Coupon Rate, and Maturity (Financial Market Rates and Flows, J.V. Horne, Ch. 7)

Major Points

· Know Price/Yield relationship for noncallable bonds  

· Compute duration and convexity measures of noncallable 

· Understand properties of noncallable bond duration and convexity as function of maturity, coupon, and yield

· Use duration and convexity to compute approximate percent price change and price change of bonds

· Understand the effect of interest volatility on the total return of bonds over a holding period

· Understand weaknesses of traditional yield measures as determinant of return over a period

· Total return framework and its application to bullet-barbell analysis

· Differentiate between spot and par curves and understand assumptions behind them

LOS B.a) Use of Duration, Modified Duration and Convexity

1) Use duration, modified duration, and convexity to compute changes in price –

Basics

· Price = NPV of expected future cash flows at a yield adjusted for credit and options

· Over time price changes are driven by three factors: (1) changes in yield, (2) pull to par by approaching to maturity, (3) credit changes affecting yield spreads 

· Price of an option-free bond moves in opposite direction of yield: i.e. as yield decreases (increases) price increases (decreases) 

· Price/Yield relationship of option-free bonds have a convex shape: 

- Price behavior is not symmetric for large changes in yield.

- Percent price increase for a given yield decrease is greater than the percent price decrease for the same yield increase.

· Price Volatility (percentage price change to 100bp yield change – i.e. modified duration)

- Holding maturity and YTM constant: Volatility increases (( ) with decreases in coupon (() 

- Holding coupon and YTM constant: Volatility increases (( ) with increasing maturity (()

Duration Measure: Measure symmetric part of price variation with yield

Macaulay’s duration: NPV cashflow weighted average of the time to receipt of all cashflows including all coupons

Price including accrued: 
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-  f = coupon frequency per year

- Linear Percentage Price Change = ((P/P) = - Modified Duration * Change in Yield 

- Dollar Duration = Modified Duration * (P including Accrued)

- Linear Part of Price Change = ((P) = - Dollar Duration * Change in Yield 

- Modified duration provides a good approximation of price changes for small moves in yield

- Slope of tangent line to the Price/Yield curve represents dollar duration

For noncallable bonds duration approximation underestimates the actual price change – for both yield decreases and increases the estimated final price will be lower than actual. 

Convexity Measure: Captures the nonlinear behavior of price as a function of yield changes
Simple Convexity: NPV weighted of square of time to receipt of all cashflows including coupon
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2) Reasons for using these measures – yield to maturity is not the only determinant of total return over a holding period.  Price changes due interest rate volatility are often significant.  Investment decisions in bonds must consider price volatility as a major factor.  Price volatility (sensitivity) is measured by duration and convexity as the two combined can better explain the effect of yield changes. 

LOS B.b) Discuss price sensitivity in terms of coupon payment, changes in interest rate level, and interest rate volatility -- 

Properties of Convexity and Duration of Option-Free Bonds

(1) Holding maturity and YTM constant: Volatility (duration) increases (( ) with decreases in coupon (()

(2) Holding coupon and YTM constant: Volatility (duration) increases (( ) with increasing maturity (()

(3) As yield increases dollar duration of a bond decreases and as yield decreases dollar duration increases (i.e. positively convex)

(4) Holding yield and maturity constant:  the lower the coupon ( the greater convexity and duration

(5) A zero coupon bond has a higher duration and convexity of similar maturity coupon bond

(6) Holding yield and duration constant:  the lower the coupon ( the smaller the convexity (and the higher the maturity)

(7) A zero coupon bond has a lower convexity of a coupon bond of same duration (but greater maturity)

(8) Convexity of a bond increases roughly as square of  duration (i.e. convexity increases at an increasing rate as duration increases)

LOS B.c) Discuss how interest rate volatility would affect the return of a given bond over a specific time horizon

Formulas to Memorize:

Percentage Price Change Due to Convexity= (1/2)*Modified Convexity*[(Yield]^2

Total Percentage Price Change=((P/P)=-Modified Duration*[(Yield]+(1/2)*Mod. Conv.*[(Yield]^2

Total Holding Period Return= Yield * Holding Period + Total Percentage Price Change

Duration and convexity of a portfolio is the market-weighted average of the holdings.

Yield to maturity of a portfolio is approximated by the duration-contribution-weighted average of the holdings.

The more convexity is preferred to less convexity for a given level of yield.

LOS B.d) Differentiate between bullet, barbell, and spread investment strategies in terms of duration and convexity, including recognition of various curve shapes and shifts – 

Different investment strategies can lead to portfolios of equal durations, but different convexities:

· Bullet – one or more bonds with identical durations

· Barbell – a set of bonds with short durations combined a set of bonds with long durations, such that the average matches the duration of the bullet portfolio

· Spread – A portfolio with an even distribution of durations, such that the average matches the duration of the bullet portfolio.
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Characteristics of Barbell:
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Traditional Bullet-Barbell:

In upwardly sloping concave yield curve, bullet offers more yield but has less convexity.  One should analyze the yield pick up based on cashflow yield (more accurate measure)
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· Looking at measures such as duration, convexity and beginning yield (average or cash flow) can be misleading. 

· The actual return over a period will depend on both magnitude of change in yield and how the yield curve changes. 

Horizon Analysis of Bullet-Barbell:
To assess relative value horizon return should be calculated over some period considering both parallel and non-parallel change in the yield curve.  Nonparallel shift should include both steepenning and flattening curve, e.g. 

· Parallel       ( (Yield A = (Yield C             and     (Yield B = (Yield C

· Flattening   ( (Yield A = (Yield C +25bp  and     (Yield B = (Yield C –25bp 

· Steepenning((Yield A = (Yield C -25bp   and     (Yield B = (Yield C +25bp 

Under a small (large) parallel move bullet outperforms (underperforms) because of the yield advantage (convexity giveup).  For significant steepenning (flattening) nonparallel move, bullet (barbell) outperforms. 

LOS B.e) Bond Immunization

Illustrate one type of bond portfolio immunization—i.e., one in which the portfolio duration equals its intended holding period.

· Dedication – cashflows from the asset portfolio matches the liability stream to be immunized.  In general there is always some mismatch.

· Immunization – matching  duration measure of the assets to the liability stream.  

Issues with Duration Immunization To Be Dealt With: 

· Since the duration measure changes with interest rates (on both the asset and liability sides), and to the extent there may be a mismatch in their change, the portfolio must be re-immunized by buying and selling bonds or using futures. 

· Duration is based on a flat yield curve and parallel moves.  To the extent that yield curve is not flat and it moves in non-parallel ways, there will be mismatch in portfolio performance vs. the liabilities.

· Fisher and Weil have developed a duration measure for non-flat curve but it does not address the non-parallel moves. 

· Multi-factor models are used to calculate duration to higher order moves of the curve, which  are then matched to those of the liability portfolio.

LOS B.f) Spot and Par Curves and Arbitrage between Coupon and Zero-coupon Markets

Differentiate the spot-rate (zero) from the par (coupon) curve and explain the market “arbitrage efficiency” assumption behind coupon and zero-coupon bond prices.

· Coupon Stripping – Splitting a coupon bond cashflows to a series of zero-coupon bonds.  

· Reconstitution – Reversing the process of coupon stripping.

· Arbitrage – If sum of the market prices for the bundle of zero-coupon bonds constituting a coupon bond is not equal to its market price it may create an arbitrage.  Opportunistic investors could simultaneously buy the cheaper one (or bundle) and sell the more expensive one.  To the extent that there may be transaction costs (bid-asked spreads), one has to compare the offer prices of the buy side and bid prices of the sell side.  

· Market Equilibrium -- Stripping and reconstitution activities of dealers and investors help to keep the coupon bond and zero-coupon bond markets in equilibrium. 

Recent Exam Questions: 1995 Q11 for 8 minutes 1996 Q14 for 9 minutes, 1998 Q8 for 18 Minutes. (all based on a different reading)

(Ron D’Vari, Ph.D., CFA, 1999                                
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